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We consider some polynomial identities of degree ≤ 5 which are satisﬁed by
all symmetric quadratic algebras. We call rings satisfying these identities general-
ized quadratic rings, or GQ-rings. We show that when the ring is not ﬂexible, these
identities are enough to make the ring quadratic over its center. Therefore, simple
nonﬂexible GQ-rings are symmetric quadratic algebras over their center, which is a
ﬁeld. For prime GQ-rings, the center has no nonzero zero divisors. Prime GQ-rings,
which are not ﬂexible, are subrings of the quadratic algebra formed by extending
the center to its ﬁeld of quotients. Flexible GQ-rings are noncommutative Jordan
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rings which satisfy a quadratic condition over their commutative center. We show
that any semi-prime GQ-ring is a subdirect sum of a noncommutative Jordan ring
(which satisﬁes a quadratic condition over its commutative center) and a nonﬂexible
ring (which is symmetric quadratic over its center). © 2000 Academic Press
1. INTRODUCTION
A nonassociative algebra A is said to be quadratic over a ﬁeld K if A is
an algebra over K, A has an unit element 1, and for every x in A, there are
elements tx and nx in K such that x2 − txx+ nx = 0. We remark
that t  A → K is a linear form and n  A → K is a quadratic form (see
Zhevlakov et al. [2, p. 37]). We shall say that a nonassociative ringA satisﬁes
a quadratic condition over a subring U if there are functions u v w  A→
U , not all of them identically zero, such that uxx2 − vxx + wx = 0
for each x in A. If v  A → U is linear, we shall say that A is a quadratic
ring over U . In this paper U will either be the center of A deﬁned by
ZA = 	u ∈ A  uAA = AuA = AAu = Au = 0
or U will be the commutative center of A deﬁned by
KA = 	u ∈ A  Au = 0
The associator a b c = abc − abc and the commutator a b = ab−
ba are deﬁned as usual. The main part of the paper is to establish quadratic
conditions, and then analyze the leading coefﬁcient ux for those cases
where it is a nonzero element of some subring.
The algebra A is said to be a symmetric quadratic algebra over K if A is a
quadratic algebra over K and txy = tyx, i.e., tx y = 0 for all x and
y in A. When A is a quadratic ring over U and vx y = 0 for all x and
y in A, we say that A is a symmetric quadratic ring over U .
For a ﬁxed ﬁeld K one deﬁnes the variety generated by all symmetric
quadratic algebras over K. The identities of degree 5 or less of this variety
are known except for ﬁelds of characteristic 2 and 3 (see Hentzel and Peresi
[7]). The identities are written with integral coefﬁcients, and the identities
are the same for all characteristics (except perhaps 2 and 3). These iden-
tities of degree 5 or less hold for all algebras satisfying an identity of type
x2 − txx + nx = 0, even those where tx and nx are only assumed
to be contained in the center, which is not necessarily a ﬁeld.
A ﬂexitor is an associator of the form a b a where the left and right
arguments are the same. A ring A is called ﬂexible if x y x = 0 for all
x y ∈ A. A ﬂexible ring which satisﬁes the identity x2 y x = 0 is called
noncommutative Jordan.
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The purpose of this paper is to study the generalized quadratic rings (GQ-
rings), i.e., the rings satisfying some of the polynomial identities of degree
≤ 5 satisﬁed by all symmetric quadratic algebras.
If A is a simple GQ-ring, we prove that either A is ﬂexible and hence
noncommutative Jordan, or else A is in the variety generated by all sym-
metric quadratic algebras over the center of A. The center of a simple ring
is a ﬁeld.
If A is a prime GQ-ring, we show that either A is ﬂexible and hence non-
commutative Jordan, or else A is in the variety generated by all symmetric
quadratic algebras over the quotient ﬁeld of the center of A.
If A is a semi-prime GQ-ring, we establish that A is a subdirect sum
with two summands: the ﬁrst is a noncommutative Jordan ring (which sat-
isﬁes a quadratic condition over its commutative center); the second is a
nonﬂexible symmetric quadratic ring over its center.
2. GENERALIZED QUADRATIC RINGS
We denote by a ◦ b the Jordan product ab+ ba, by < a b c > the Jordan
associator a ◦ b ◦ c − a ◦ b ◦ c and by Ra the linear operator deﬁned
by Rab = a ◦ b. Let Sn be the symmetric group. We deﬁne the linear
operator S¯3 by
S¯3 =
∑
σ∈S3
−1σRaσ1Raσ2Raσ3
where −1σ is the sign of the permutation σ .
As proved by Hentzel and Peresi [7, Theorems 1, 4, and 7], any symmetric
quadratic algebra over a ﬁeld of characteristic = 2, 3 satisﬁes the following
identities, and moreover any degree ≤ 5 polynomial identity which is satis-
ﬁed by all symmetric quadratic algebras over a ﬁeld of characteristic 0 or
characteristic > 5 is a consequence of these identities,
a a a = 0 (1)
a2 a b − a a2 b = 0 (2)
b a2 a − b a a2 = 0 (3)
a b a c = 0 (4)
a b a c d = 0 (5)
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c a b a d = 0 (6)
c d a b a = 0 (7)
 a b ◦ c d e  = 0 (8)
a b ◦ c c d − a b c2 d = 0 (9)
a b ◦ c d c − a b d c2 = 0 (10)
2a a b b − 2 a b ab + 2b b a a − 2 b a ba
+a ◦ b a b + b ◦ a b a c = 0 (11)
2a2 ◦ b2 − a ◦ b2 + 2a < a b b > +2b < b a a > c = 0 (12)
S¯3a2 − S¯3a ◦ a = 0 (13)
−a2 ◦ c d e + a2 ◦ e d c − e d a2 ◦ c + e d a ◦ c ◦ a
−c d a ◦ e ◦ a + a ◦ c d a ◦ e − a ◦ e d a ◦ c
−a ◦ c ◦ e d a + c d a2 ◦ e + a ◦ e ◦ c d a = 0 (14)
∑
bce
	a< c d e > b + a b< c d e > = 0 (15)
where
∑
bce denotes the alternating sum on the variables b c e
We shall refer to rings which satisfy identities (1)–(12) as generalized
quadratic rings, or GQ-rings. If A is a GQ-ring, then it satisﬁes identities
(4)–(7), and we have that all ﬂexitors x y x with x y ∈ A are in ZA.
We notice that any ﬂexible GQ-ring is noncommutative Jordan. Actually, a
ﬂexible ring satisﬁes x2 y x = 0 if and only if it satisﬁes (3). To see this,
we consider the Teichmu¨ller identity
x2 y x − x xy x + x x yx − xx y x − x x yx = 0
which holds in any ring. Thus in a ﬂexible ring
x2 y x = −x x yx + x x yx = yx x x − y x xx
= y x2 x − y x x2
The result follows.
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Example. Let K be any ﬁeld. Consider the algebra  over K with basis
	1 e1     e7 and the following nonzero products:
1ei = ei1 = ei i = 1     7
e1e1 = e3 e1e2 = e4 e1e4 = e6 e2e1 = e5 e2e3 = −e6
e3e2 = e6 e4e3 = −e7 e5e1 = −e6 e5e3 = e7 e6e1 = −e7
Straightforward calculations show that  satisﬁes identities (1)–(4) and,
since any product with 5 elements is zero, also identities (5)–(12). Thus 
is a GQ-ring. It is not a quadratic algebra over K since 1 e1 e
2
1 are linearly
independent. It is not ﬂexible (so it is not noncommutative Jordan) since
e1 e4 e1 = −e7. The center of  is Z = 	α1+ βe7  α β ∈ K. The
algebra  is a quadratic ring over Z since if x = α1+ α1e1 +   + α7e7
and cx = α then e7x2 − e7cxx = 0 for all x ∈ .
The following identity shows that the deﬁning identities of GQ-rings in-
troduce quadratic dependence over the center in a ring which is not ﬂexible.
Theorem 1. If A is a GQ-ring of characteristic = 2, then A satisﬁes the
following quadratic condition over its center:
x y xa2 − 	a x2 y + y x2 a − a ◦ x x y − y x a ◦ xa
− a x x a y − y x x a a + a a x x y
+ y x a a x
+ a xax y + y xax a − axa x y − y x axa
+ xy x a2 + a2 x xy − xy a ◦ x a − a a ◦ x xy
− a x2y a = 0 (16)
Proof. The coefﬁcients of the identity (16) are sums of ﬂexitors and thus
are in the center of A.
We now prove (16). Let px y z = 0 denote the linearized form of (1);
p1 = 12px x a = 0 p2 = 12pa a x = 0; and p3 = 12px x y = 0.
Then the following identities are consequences of (1):
8 yap1 + 6 ayp1 + 2 ap1y − 4 p1ya+ 4 p1ay = 0
4 	yxp2 + xp2y + yp2x + p2xy = 0
2 ap3a+ 4 ap3a − 2 p3aa = 0
4 	apa x yx + pxa x y a = 0
−2 py x x a a + 2 px2 a y a = 0
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6 pax x y a + 2 pyx a x a = 0
−4 y pax a x − 2 px2y a a = 0
4 	− pa2 xy x − pxa a x y + pxy x a2 = 0
As consequences of (2) we obtain the identities
4 a ◦ x y x − y a ◦ x x + a ◦ y x x
−x a ◦ y x + x ◦ y a x − a x ◦ y x a = 0
4y 	−a2 x x + x a2 x − a ◦ x a x + a a ◦ x x = 0
4 	−a ◦ x x a + x a ◦ x a − x2 a a + a x2 a y = 0
Identity (3) gives the identities
4y 	a a ◦ x x − a x a ◦ x + a x2 a − a a x2 = 0
4 	x a2 x − x x a2 + x a ◦ x a − x a a ◦ x y = 0
Using (4) we obtain the identities
−4 	a ◦ x y x + x y a ◦ x − 2 	a x ◦ y x + x x ◦ y a
−6 	x a ◦ x y + y a ◦ x x a = 0
4a a x x + x x a y + 2 a x x + x x a y a
+4y a x x + x x a a = 0
−2a x x y + y x x a + 4 	yx x a + a x yx
−8 	a x2 y + y x2 a a = 0
−4 a x a x y + 4 x a x ay − 6a x y x a = 0
6 x a x y a+ 8x y x a a = 0
Identities (5) and (7) yield
4 	a a x + x a a x y + 4 	x x y + y x x a a
+ 4 a x a x y − 8 x y x a a = 0
4 a a x x y + y x x = 0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Using identities (8), (9), and (10) we obtain
3 a x ◦ x y a = 0
4 	x y ◦ a x a + x y ◦ x a a − x y a ◦ x a = 0
−4 	x y ◦ a x a − x y x a2 = 0
The following identity is a partial linearization of (11):
−2 2a y x x + 2y a x x − 2 a x yx − 2 y x ax
+ 2x x a y + 2x x y a − 2 x a xy − 2 x y xa
+ a ◦ x y x + y ◦ x a x + x ◦ a x y + x ◦ y x a a = 0
The following identity is a partial linearization of (12):
− a ◦ x ◦ x ◦ y − 2 a ◦ y ◦ x2 + 2a < x x y > + 2a < x y x >
+ 2x < a x y > + 2x < a y x > + 2x < y a x > + 2y < x a x >
+ 2x < y x a > + 2y < x x a > a = 0
We now add all these displayed consequences of identities (1)–(12). All
the terms cancel out except the ones that gives 4 times identity (16). The
result follows since the characteristic is = 2.
We now prove that the coefﬁcient of a in the identity (16) satisﬁes a
symmetric condition; i.e., we prove that it is zero when a is replaced by a
commutator a b.
Lemma 1. If A is a GQ-ring, then A satisﬁes the identity
abx2y+yx2ab−ab ◦ xxy−yxab ◦ x= 0 (17)
Proof. We have the following identities, where qy x x = y x x +
x y x + x x y,
−ba ◦ qy x x + 2 qy x xab = 0
pa b x y ◦ x− pxa b x y − pa b xy x = 0
qab x x ◦ y − 2 qba x x y = 0
by (1);
−a b ◦ x x y − x2 a b y + x a b ◦ x y + a b x2 y = 0
−x2 y a b − x ◦ y x a b + y x2 a b + x x ◦ y a b = 0
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by (2);
y a b ◦ x x + y x2 a b − y x a b ◦ x − y a b x2 = 0
x a b ◦ x y + x a b ◦ y x + x x ◦ y a b
−x y a b ◦ x − x x a b ◦ y − x a b x ◦ y = 0
by (3);
−a b x y + y x a b x + ba x x + x x ba y = 0
x ab x y − x y x ba − x x y + y x x ab = 0
by (4);
−a b ◦ x x y + a b x2 y = 0
−a b ◦ x y x − a b ◦ y x x + a b x ◦ y x = 0
by (9);
a b ◦ x y x − a b y x2 = 0
by (10). We now add all these identities to obtain (17).
We now prove an identity which shows that the deﬁning identities of
ﬂexible GQ-rings introduce quadratic dependence over the commutative
center in a noncommutative ring.
Theorem 2. If A is a ﬂexible GQ-ring, then A satisﬁes the following
quadratic condition over its commutative center:
− 6  a b ◦ a b  c2
+ 6  −a ◦ b b ◦ a c + a ◦ c b ◦ a b + 2 ba c ◦ a b  c
+ ab b ◦ 4ac + 2ca c + 3 ab c ◦ ab c + 9 ba c ◦ ba c
+ 6 ac c ◦ ba b − 6 a b c ◦ ca b − 12 ab c ◦ ba c
+4abbc ◦ ac+acbc−3cb ◦ ab+12bac2 ◦ ab
− 4 ca b b ◦ a c + −4cac + 6c2a− 8cca b ◦ a b
+ −18bac − 8cab− 6cab− 4acb c ◦ a b = 0 (18)
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Proof. The linearized form of the ﬂexible law is f x y z = x y z +
z y x = 0. We list the following consequences of the ﬂexible law:
−2f ac b a b c = 0 2f a b b ca c = 0
8f a b cb a c = 0 4f a b c b ca = 0
f 2cca− 8cac + 2acc + 4cac b a b = 0
f −6cba+ 6cab− 2bca+ 24bac − 4bac − 18abc c a b = 0
f 4bba− 6bab+ 6bab− 4abb c a c = 0
−6f c2 a b ◦ a b = 0 6	bf a c c ◦ a b = 0
12	−f b a c ◦ a b + a b c a bc = 0
−4f a b c b ac = 0 6	f b a cc ◦ a b = 0
6a b	f b a c ◦ c = 0 4a cf b a b c = 0
−6c a c	ba b + abb = 0 6c a c ◦ bba = 0
12	b a ba c ◦ c = 0 12b a b	cca− acc = 0
f −2abb+ 2bba a c c = 0 −2f ba c a b c = 0
−2a bf a c b c = 0 18	a bc ab c + c ba ca b = 0
6f b a ◦ c ca b = 0 10f a c b a b c = 0
−2f a c c ba b = 0 4f a b c ba c = 0
4a cf a b b c = 0 2f a b a cb c = 0
8a bf b ca c = 0 −6ca bf b a c = 0
6f ab c ca b = 0 6a bf ba c c = 0
4a bf b ac c = 0 18a b c2 a b = 0
−6babc a c = 0 6f b a ca bc = 0
10b a b c ◦ a c = 0 6	c a c ◦ ba b = 0
We now list the following consequences of the Jordan law x2 y x = 0:
−12 	a b ◦ c a b c + c2 a b a b = 0
−4 	a b ◦ a c b c + a b ◦ c b a c + a c ◦ c b a b = 0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Next, we list the following consequences of identity (8):
6a b ◦ a b c2 = 0 2ab b ◦ a c c = 0
3a c ◦ b c a b = 0
Finally, we list the following consequences of identity (9):
4	a b ◦ b c a c + a b ◦ c b a c − a b b ◦ c a c = 0
12	a b ◦ c c a b − a b c2 a b = 0
8	a b ◦ a c b c + a b ◦ b a c c − a b a c ◦ b c = 0
4	a c ◦ b c a b + a c ◦ c b a b − a c b ◦ c a b = 0
−4	a c ◦ a b b c + a c ◦ b a b c − a c a b ◦ b c = 0
By adding together all the identities listed above and simplifying we ob-
tain −1 times (18). From (8) we have that a b ◦ c d is in the commu-
tative center for all a b c d ∈ A. This means that all the coefﬁcients of
(18) are in the commutative center. This ﬁnishes the proof of Theorem 2.
Remark. Using the method described by Hentzel and Jacobs [4] and its
implementation, the computer program Albert (see Jacobs et al. [5, 6]), we
veriﬁed that any GQ-ring satisﬁes the shorter quadratic condition
x y xa2 − 	a x2 y + y x2 a − a ◦ x x y − y x a ◦ xa
+ay a x2 + x2 a ay − ay a ◦ x x − x a ◦ x ay − x a2y x = 0
over its center. We also veriﬁed that if a GQ-ring is ﬂexible and satisﬁes
both identities (13) and (15), then it satisﬁes the shorter quadratic condition
a b ◦ a bc2 − 2−ab a ◦ b c − bc a ◦ a b + ba c ◦ b ac
+a2 bc ◦ b c + bc2 a ◦ a b − ac b ◦ bc a − ca b ◦ bc a = 0
over its commutative center. We do not give proofs of these shorter
quadratic conditions here because these proofs are longer than the ones
presented in Theorems 1 and 2.
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3. PRIME RINGS
A ring is said to be prime if whenever I and J are ideals of the ring and
IJ = 0, then either I = 0 or J = 0.
The center ZA of a prime ring A has no nonzero zero divisors. If
ZA is not zero, then it has a ﬁeld of quotients Z˜A. The Z˜A-algebra
A∗ = Z˜A ⊗ZA A contains an isomorphic copy of A. Since the identities
deﬁning GQ-rings are homogeneous, A∗ will be a GQ-algebra, whenever
A is a GQ-ring with nonzero center.
Theorem 3. If A is a prime GQ-ring of characteristic = 2 which is not
ﬂexible, then A∗ is a symmetric quadratic algebra over Z˜A. Furthermore, A
is in the variety determined by all symmetric quadratic algebras over Z˜A.
Proof. Since A is not ﬂexible, then some ﬂexitor x y x is a nonzero
element of ZA. Since the coefﬁcient x y x is invertible in Z˜A, it
follows from Theorem 1 that A satisﬁes a quadratic identity over the ﬁeld
Z˜A. Thus A∗ is a quadratic algebra over Z˜A. By Lemma 1, A∗ is a
symmetric quadratic algebra.
Since A is a subalgebra of a symmetric quadratic algebra over Z˜A, it
satisﬁes all identities that hold for all symmetric quadratic algebras over
Z˜A, and so A is in the variety determined by all symmetric quadratic
algebras over Z˜A.
If the center of a simple ring is not zero then it is a ﬁeld (see Zhevlakov
et al. [2, p. 137]). Thus we have:
Corollary 1. If A is a simple GQ-ring of characteristic = 2 which is not
ﬂexible, then A is in the variety determined by all symmetric quadratic algebras
over the center of A.
4. SEMI-PRIME RINGS
A ring is called semi-prime if the only ideal I such that I2 = 0 is I = 0.
In this section we examine the case when the ring A is a semi-prime
GQ-ring of characteristic = 2. We let F be the additive span of all ﬂexitors
x y x with x and y in A, and I = 	a ∈ A Fa = 0. Since F ⊂ ZA
we have that F + FA and I are ideals of A. Thus I ∩ F + FA is also an
ideal of A which squares to zero. The semi-prime condition implies that
I ∩ F + FA = 0. Therefore A is a subdirect sum of A/F + FA and A/I.
The factor A/F + FA is ﬂexible and so is a noncommutative Jordan ring.
It satisﬁes the quadratic condition over its commutative center mentioned
in Theorem 2. It follows from Theorem 1 and Lemma 1 that the factor A/I
674 hentzel, peresi, and giuliani
is a symmetric quadratic ring over ZA/I. We have proved the following
theorem.
Theorem 4. Any semi-prime GQ-ring A of characteristic = 2 is a subdi-
rect sum of two rings. The ﬁrst summand is a noncommutative Jordan ring
satisfying a quadratic condition over its commutative center. The second sum-
mand is a symmetric quadratic ring over its center.
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